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Fisher Riemann $G$ (Fisher ).
$M$
Riemann $(X, g)$ Poisson $X$ $M$
$\mathcal{P}(M)$ $\phi$ (Poisson ) $X$
$\phi$ Poisson
$X$ $\phi$ : $Xarrow \mathcal{P}(M)$
2
Fisher Frriedrich [7]
3 Poisson $\varphi$ $\varphi_{t}$
( 33 35)
Damek-Ricci 4 $\phi$ : $(X, g)arrow(\mathcal{P}(M), G)$
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2 Fisher
$M$ $dv_{M}$ $P(M)$ $M$
;
$\mathcal{P}(M)=\{\mu=pdv_{M}$ $p:Marrow \mathbb{R}+,$ $\int_{M}\mu=1\}$ .
$\mathcal{P}(M)$




$G_{\mu}( \tau_{1}, \tau_{2})=\int_{M}\frac{q_{1}}{p}\cdot\frac{q_{2}}{p}\cdot pdv_{M}$ (2.1)
$\mu=pdv_{M}\in \mathcal{P}(M),$ $\tau_{i}=q_{i}dv_{M}\in T_{\mu}\mathcal{P}(M)(i=1,2)$ .





2.1 (Friedrich[7]). $(\mathcal{P}(M), G)$
(1) $G$ A
(2) $M$ $Diff_{+}(M)$







$(X, g)$ $n$ Hadamard Riemann
$X$ $\mathcal{G}(X)$ $\gamma_{1},$ $\gamma_{2}\in \mathcal{G}(X)$
$t\in[0, \infty)$ $d(\gamma_{1}(t), \gamma_{2}(t))<+\infty$
$\mathcal{G}(X)$ $X$ $\partial X$
$X\cup\partial X$ $n$ $x_{0}\in X$
$\partial X$
$x_{0}$ 1 1
$\partial X$ $S^{n-I}(1)\subset T_{x_{0}}X$
$X\cup\partial X$ Dirichlet Dirichlet
$f\in C^{0}(\partial X)$
$\triangle_{g}u=0$ , $u|_{\partial X}=f$ (3.1)
$u$ ( $\triangle_{g}$ $g$ Laplace-Beltrami ). $X$
$a^{2}\leq K_{X}\leq-b^{2}<0$ (3.1) $P(x, \theta)$
$u(x)= \int_{\partial X}f(\theta)P(x, \theta)d\theta$
$P(x, \theta)$ Poisson $d\theta$ $\partial X$
$S^{n-1}(1)\subset T_{x_{\text{ }}}X$ $(S^{n-1}(1), g_{x_{\text{ }}}|_{S^{n-1}(1)})$
$\partial X$ $f\equiv 1$ Dirichlet $u\equiv 1$
Poisson $\int_{\partial X}P(x, \theta)d\theta=1$ Poisson $\varphi$ : $X\ni x$
$P(x, \theta)d\theta\in P(\partial X)$ Poisson
3.1. $a^{2}\leq K_{X}\leq-b^{2}<0$ Hadamard Poisson
$*$ 2 ;
(1) $P(\cdot, \theta)\in C^{0}(X\cup\partial X\backslash \{\theta\})$,
$*2$ $[I9,2$ $2,3$ $]$ Hadamard Poisson
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(2) $P(\cdot, \theta)$ $X$
(3) $\theta\in\partial X$ $P(x_{0}, \theta)=1$ $x_{0}\in X$ $*$3,
(4) $\theta=\theta’$ $\lim_{xarrow\theta}P(x, \theta)=0$ .
3.2. (1) $(D^{n}, g)$ $0$ Poisson
$P(x, \theta)=(\frac{1-|x|^{2}}{|x-\theta|^{2}})^{n-1}$ $(x\in D^{n}\subset \mathbb{R}^{n}, \theta\in\partial D^{2}=S^{n-1}(1))$
$|\cdot|$ $\mathbb{R}^{n}$
(2) 1 $(\mathbb{R}H^{n},$ $\mathbb{C}H^{N},$ $\mathbb{H}H^{N}$ , Cay$H^{2})$ Poisson
Busemann $B(x, \theta)$ $\rho^{*4}$
$P(x, \theta)=\exp(-\rho B(x, \theta))$ (3.2)
[4].
Busemann $x_{0}\in X$ $\theta\in\partial X$
$B(x, \theta)=\lim_{tarrow\infty}(d(\gamma_{\theta}(t), x)-t)$
$X$
$*$5 $\gamma_{\theta}$ $x_{0}\in X$ $\theta\in\partial X$
Busemann Cl $\nabla B$
$|\nabla B|=1$ ([17, p.301, 4.12]).
Poisson Busemann Poisson $\varphi$
3.3 ([10]). $(X, g)$ $n$ Hadamard $X$ Poisson
$P(x, \theta)$
$P(x, \theta)=\exp(-cB(x, \theta))$ ( $c$ ) (3.3)
Poisson $\varphi$ $( \varphi^{*}G=\frac{c}{n}g)$
$*3$ Poisson $x_{0}\in X$ Poisson
$*4 \rho=\lim\underline{1}$ log vol$(B(x;r))$ . $B(x;x)$ $x$ $r$
$rarrow\infty r$
$*5$ oeo Busemann $y\in X$ Busemann
$B’(x, \theta)$ $B’(x, \theta)=B(x, \theta)-B(y, \theta)$
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( ) . $(X, g)$ Isom$(X, g)$ $\partial X$
$\mathcal{P}(\partial X)$ (
$G$ ). Busemann $\psi\in$ Isom$(X, g)$
Poisson $\varphi$ ; $(\psi^{-1})^{*}\circ\varphi=\varphi\circ\psi$ . $X$
Busemann $B(x, \theta)$ $x_{0}$ $\varphi^{*}G(x_{0})=Cg(x_{0})$




$\frac{\partial}{\partial t}u(t, x)+\triangle_{g}u(t, x)=0$
$K(t;x, y)$ $X$ Poisson $t>0$
$\varphi_{t}$ : $X\ni x K(t;x, y)dv_{g}(y)\in \mathcal{P}(X)$
3.4. $n$ Euclid ;
$K(t;x, y)=(4 \pi t)^{-n/2}\exp(-\frac{|x-y|^{2}}{4t})$ .
3 ;
$K(t;x, y)=(4 \pi t)^{-3/2}\frac{r}{\sinh r}\exp(-t-\frac{r^{2}}{4t})$ , $(r=d(x, y))$ .
$K(t;x, y)=K(t;d(x, y))$
3.5 ([9]). Hadamard $(\varphi_{t^{*}}G=C(t)g)$ .
Riemann $p\in X$ Riemann
$\omega_{p}=\sqrt{\det(g_{ij})}$ $\omega_{p}(x)=\omega(d(p, x))$
$*$ 6. $K(t;x, y)=K(t;d(x, y))$
$*$ 7 [20].
$*6$ ( [3] ).
$*7$
103
( 3.5 ) . $(X, g)$ Hadamard $X$ $\mathbb{R}^{n}$
$p$
$dv_{g}(x)=\omega(r)drd\mu_{S^{n-1}(1)}$ $($ $r=d(x,p))$ . $\omega(r)$ $p$
$*$ G(v, v) $v\in T_{x}X$ $x\in X$
3.6. $C(t)$ Euclid
$C(t)= \frac{1}{2t}$ 3
( ). $nC(t)$ $\varphi_{t}(x)$




Damek-Ricci Damek-Ricci Heisenberg 1
Lie
$\mathfrak{n}=(\mathfrak{n}, [\cdot, \cdot], \langle\cdot, \cdot\rangle)$ 2-step Lie $\delta$ $\mathfrak{n}$
$J$ : $3arrow$ End(U)
$\langle J_{Z}X,$ $Y\rangle=\langle Z,$ $[X, Y]\rangle$ $(X, Y\in \mathfrak{v}, Z\in f)$
$Z\in f$ $J_{Z}\circ J_{Z}=-|Z|^{2}$ id $\mathfrak{v}$ $\mathfrak{n}$
Heisenberg ( H-type ) $\mathfrak{n}$ Lie Lie $N$
Heisenberg ( H-type )
Heisenberg $\mathfrak{n}=\mathfrak{v}\oplus 3$ 1 $\epsilon=\mathfrak{v}\oplus 3\oplus \mathbb{R}A$ $[\cdot,$ $\cdot]_{\epsilon}$
$\langle\cdot,$ $\cdot\rangle_{\epsilon}$
$[X+Z+lA, X’+Z’+l’A]_{5}=( \frac{l}{2}X’-\frac{l’}{2}X)+(lZ’-l’Z+[X, X’])$ ,
$\langle X+Z+lA,$ $X’+Z’+l’A\rangle_{\epsilon}=\langle X,$ $X’\rangle+\langle Z,$ $Z’\rangle+ll’$
$*8C(t)= \frac{1}{n}\frac{\partial}{\partial t}(-\int_{X}K(t;x,y)\log K(t;x,y)dv_{g})$ . $\int_{X}\triangle_{g}K$ .
$\log Kdv=\int_{X}\nabla K\cdot\nabla\log Kdv_{9}$ Damek-Ricci
( ).
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$(g, [\cdot, \cdot]_{5})$ Lie $\langle\cdot,$ $\cdot\rangle_{s}$
Lie $S$ Damek-Ricci $S\simeq \mathfrak{v}\cross 3\cross \mathbb{R}+$ $S$
$(X, Z, a)\cdot(X’, Z’, a’)=(X+\sqrt{a}X’,$ $Z+aZ’+ \frac{\sqrt{a}}{2}[X, X’],$ $aa’)$ .
Damek-Ricci $S=NA$ [2] ;
$\bullet$ $S$ Hadamard Heisenberg $N$
$N\cup\{\infty\}$
$\bullet$ 1 Damek-Ricci
$S$ Heisenberg $N$ $J_{2}$ $*$9
[5].
$\bullet$ $S$ 3.5 Damek-Ricci





$\phi$ : $(X, g)arrow(\mathcal{P}(M), G)$ $\mathcal{E}(\phi)$
$\mathcal{E}(\phi)=\frac{1}{2}\int_{X}trace_{g}(\phi^{*}G)dv_{g}$





$Z_{1},$ $Z_{2}\in 3$ $J_{Z_{1}}oJ_{Z_{2}}=J_{Z_{3}}$ $Z_{3}\in$
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41([11]). $\phi$ : $(X, g)arrow(\mathcal{P}(M), G)$ $\phi(x)=\Phi(x, \theta)dv_{M}(\theta)$
$\phi$ $D\subset X$
$D$
$\int_{\theta\in M}h(x, \theta)\Phi(x, \theta)dv_{M}(\theta)=0$
$h(x, \theta)$
$\int_{D}\{\int_{M}(2\Delta_{g}\log\Phi(x, \theta)-|\nabla\log\Phi(x, \theta)|^{2})h(x, \theta)\Phi(x, \theta)dv_{M}\}dv_{g}=0$ (4.2)
$\tau(\phi)(x)=\{2\Delta_{g}\log\Phi(x, \theta)-|\nabla\log\Phi(x, \theta)|^{2}-trace_{g}\phi^{*}G(x)\}\Phi(x, \theta)dv_{M}$ ,
$\sigma(x)=h(x, \theta)\Phi(x, \theta)dv_{M}$
$M$ $0$ $\phi(x)\in \mathcal{P}(M)$
$\sigma(x)$ $\phi$
(42)
$\int_{x\in X}G_{\phi(x)}(\tau(\phi)(x), \sigma(x))dv_{g}=0$ (4.3)
42([11]). $\phi$ : $X\ni xarrow\Phi(x, \theta)dv_{M}\in \mathcal{P}(M)$
$\tau(\phi)=0$ ,
$2\Delta_{g}\log\Phi(x, \theta)-|\nabla\log\Phi(x, \theta)|^{2}=$ trace$g\phi^{*}G(x)$ (4.4)
(4.4) $\theta\in M$
4.3. Poisson (4.4) V $\log P(x, \theta)|^{2}$
Poisson $|$Vlog $P(x, \theta)|^{2}$
$\theta\in\partial X$ Poisson (3.3)









5.1([11]). Hadamard $(X, g)$ Poisson $P(x, \theta)$ $x_{0}$
$($ $\theta\in\partial X$ $P(x_{0},$ $\theta)=1)$ .




$c^{2}= trace_{g}\varphi^{*}G(x)=\int_{\theta\in\partial X}|\nabla\log P(x, \theta)|^{2}P(x, \theta)d\theta$. (5.1)
$\varphi$ (5.1)
$\int_{\partial X}|\nabla\log P(x, \theta)|^{2}P(x, \theta)d\theta=|\nabla\log P(x, \theta)|^{2}\int_{\partial X}P(x, \theta)d\theta$
(5.2)
$=|\nabla\log P(x, \theta)|^{2}$
$|\nabla\log P(x, \theta)|^{2}=c^{2}$ $u(x, \theta)=\frac{1}{c}\log P(x, \theta)$
$|\nabla u(\cdot, \theta)|=1$ $u(\cdot, \theta)$ $\sigma_{\theta}(t)$ [18].
$\sigma_{\theta}(t)$ $\theta\in\partial X$ $\sigma_{\theta}(t)$ $x$
$u(\sigma_{\theta}(t), \theta)-u(x, \theta)=t$ $u$ $P(\sigma_{\theta}(t), \theta)=$
$*10$ 33 Poisson $\varphi$
(2.2) $\mathcal{P}(M)$ Levi-Civita
$\varphi$





$\lim_{xarrow\theta’}P(x, \theta)=\{\begin{array}{ll}0 (\theta’\neq\theta)\infty (\theta’=\theta)\end{array}$
(5.3) $u(\cdot, \theta)$ $\theta\in\partial X$
Busemann
$\nabla B(x, \theta)=-\dot{\gamma}_{x\theta}(0)$
( $\gamma_{x,\theta}$ $x\in X$ $\theta\in\partial X$ )
$\nabla u(\cdot, \theta)=-\nabla B(\cdot, \theta)$ (5.4)
$\partial X$ $f$ $u(x, \theta)=-B(x, \theta)+f(\theta)$
$B(x, \theta)$ $x_{0}$ Busemann Busemann
Poisson $\theta\in\partial X$
$u(x_{0}, \theta)=B(x_{0}, \theta)=0$
$u(x, \theta)=-B(x, \theta)$ $\square$
Poisson Dirichlet $P(x, \theta)$
(Pl) $\Delta_{g}P(x, \theta)=0$ ,
(P2) $\lim_{xarrow\theta},$ $P(x, \theta)d\theta=\delta_{\theta}(\theta’)$ ( $\delta_{\theta}$ Dirac )
Poisson (3.3) 2 Busemann
;
(Bl) $\triangle_{g}B(x, \theta)=-c$ ,
(B2-1) $\theta=\theta’$ $\lim_{xarrow\theta},$ $B(x, \theta)=+\infty$ ,
(B2-2) $\int_{\partial X}\exp(-cB(x, \theta))d\theta=1$ .
(Bl) X $*$ 12
$*12$ Busemann $B(\cdot, \theta)$ $\theta\in\partial X$
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$*$ 13 (B2-1) $\theta,$ $\theta’\in\partial X$
$X$
$*$ 14 $*$ 15
5.2. Hadamard $(X, g)$ Poisson $P(x, \theta)$ $x_{0}$
Poisson $\varphi$ $( \varphi^{*}G=\frac{c^{2}}{n}g)$
$(X, g)$
5.3. J. Heber[8] Hadamard $(X, g)$
;
(1) $(X, g)$ Einstein $*$ 16
(2) $(X,g)$ Euclid Damek-Ricci
Bochner
$g(d( \triangle_{g}f), df)=|\nabla df|^{2}+\frac{1}{2}\triangle_{g}(|df|^{2})+Ric(\nabla f, \nabla f)$ ,
Busemann $(X, g)$
$Ric(\nabla B, \nabla B)=-|\nabla dB|^{2}$
$g$ Eintein Busemann
$\theta\in\partial X$ $*17$ Gauss
$\backslash \wedge$
5.4. $k(\geq 2)$ Euclid
(X, g) 2
$X$
$*$ 18 rank(X) $=1$ Knieper[16]
$(X, g)$ 4 ;
(1) $X$ Gromov
$*13$





$v$ $\gamma_{v}$ $\dot{\gamma}_{v}(0)=v$ $\gamma$ Jacobi




(4) $X$ $TX$ Anosov
( 1 ) Gromov
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